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                \begin{document}$$(A^*, Q^*)$$\end{document}$ is stabilizable), then such a solution exists \[[@CR11], [@CR19]\]. These conditions are fulfilled generically, and we assume they hold throughout the paper.

There are several algorithms for finding the numerical solution of ([1](#Equ1){ref-type=""}). In the case when *n* is small enough, one can compute the eigen- or Schur decomposition of the associated Hamiltonian matrix$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathscr {H} = \left[ \begin{array}{cc} A &{} G \\ Q &{} -A^*\end{array}\right] , \end{aligned}$$\end{document}$$and use an explicit formula for *X*, see \[[@CR11], [@CR20]\]. However, if the dimensions of the involved matrices prohibit the computation of a full eigenvalue or Schur decomposition, specialized large-scale algorithms have to be constructed. In such scenarios, Riccati equations arising in applications have additional properties: *A* is sparse, and $\documentclass[12pt]{minimal}
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                \begin{document}$$p, m \ll n$$\end{document}$, thus making the matrices *Q* and *G* of very-low rank compared to *n*. In practice, this often implies that the sought-after solution *X* will have a low numerical rank \[[@CR3]\], and allows for construction of iterative methods that approximate *X* with a series of matrices stored in low-rank factored form. Most of these methods are engineered as generalized versions of algorithms for solving a large-scale Lyapunov equation \[[@CR10], [@CR33]\], which is a special case of ([1](#Equ1){ref-type=""}) with $\documentclass[12pt]{minimal}
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The alternating directions implicit (ADI) method \[[@CR35]\] is a well established iterative approach for computing solutions of Lyapunov and other linear matrix equations. There exists an array of ADI methods \[[@CR7], [@CR8], [@CR21], [@CR22], [@CR27], [@CR30], [@CR35], [@CR36]\], covering both the ordinary and the generalized case. All of these methods have simple statements and efficient implementations \[[@CR27]\]. One particular advantage of ADI methods is that they are very well suited for large-scale problems: the default formulation which works with full-size dense matrices can be transformed into a series of iteratively built approximations to the solution. Such approximations are represented in factored form, each factor having a very small rank compared to the dimensions of the input matrices. This makes ADI methods very suitable for large-scale applications.

Recently, Wong and Balakrishnan \[[@CR37], [@CR38]\] suggested a so-called quadratic ADI method (qADI) for solving the algebraic Riccati equation ([1](#Equ1){ref-type=""}). Their method is a direct generalization of the Lyapunov ADI method, but only when considering the formulation working with full-size dense matrices. However, in the setting of the qADI algorithm, it appears impossible to apply a so-called "Li--White trick" \[[@CR22]\], which is the usual method of obtaining a low-rank formulation of an ADI method. Wong and Balakrishnan do provide a low-rank variant of their algorithm, but this variant has an important drawback: in each step, all the low-rank factors have to be rebuilt from scratch. This has a large negative impact on the performance of the algorithm.

Apart from the qADI method, there are several other methods for solving the large-scale Riccati equation that have appeared in the literature recently. Amodei and Buchot \[[@CR1]\] derive an approximation of the solution by computing small-dimensional invariant subspaces of the associated Hamiltonian matrix ([2](#Equ2){ref-type=""}). Lin and Simoncini \[[@CR23]\] also consider the Hamiltonian matrix, and construct the solution by running subspace iterations on its Cayley transforms. Massoudi et al. \[[@CR24]\] have shown that the latter method can be obtained from the control theory point of view as well.

In this paper, we introduce a new ADI-type iteration for Riccati equations, RADI. The derivation of RADI is not related to qADI, and it immediately gives the low-rank algorithm which overcomes the drawback from \[[@CR37], [@CR38]\]. The low-rank factors are built incrementally in the new algorithm: in each step, each factor is expanded by several columns and/or rows, while keeping the elements from the previous steps intact. By setting the quadratic coefficient *B* in ([1](#Equ1){ref-type=""}) to zero, our method reduces to the low-rank formulation of the Lyapunov ADI method, see, e.g., \[[@CR4], [@CR7], [@CR22], [@CR27]\].

A surprising result is that, despite their completely different derivations, all of the Riccati methods we mentioned so far are equivalent: the approximations they produce in each step are the same. This was already shown \[[@CR3]\] for the qADI algorithm, and the algorithm of Amodei and Buchot. In this paper we extend this equivalence to our new low-rank RADI method and the method of Lin and Simoncini. Among all these different formulations of the same approximation sequence, RADI offers a compact and efficient implementation, and is very well suited for effective computation.

This paper is organized as follows: in Sect. [2](#Sec2){ref-type="sec"}, we recall the statements of the Lyapunov ADI method and the various Riccati methods, and introduce the new low-rank RADI algorithm. The equivalence of all aforementioned methods is shown in Sect. [3](#Sec4){ref-type="sec"}. In Sect. [4](#Sec5){ref-type="sec"} we discuss important implementation issues, and in particular, various strategies for choosing shift parameters. Finally, Sect. [5](#Sec13){ref-type="sec"} compares the effect of different options for the algorithm on its performance via several numerical experiments. We compare RADI with other algorithms for computing low-rank approximate solutions of ([1](#Equ1){ref-type=""}) as well: the extended \[[@CR16]\] and rational Krylov subspace methods \[[@CR34]\], and the low-rank Newton--Kleinman ADI iteration \[[@CR7], [@CR9], [@CR15], [@CR29]\].
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A new low-rank factored iteration {#Sec2}
=================================

We start this section by stating various methods for solving Lyapunov and Riccati equations, which will be used throughout the paper. First, consider the Lyapunov equation$$\documentclass[12pt]{minimal}
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We now turn our attention to the Riccati equation ([1](#Equ1){ref-type=""}). Once again we assume that $\documentclass[12pt]{minimal}
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Derivation of the algorithm {#Sec3}
---------------------------
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Furthermore, iteration ([12](#Equ12){ref-type=""}) clearly reduces to the low-rank Lyapunov ADI method ([5](#Equ5){ref-type=""}) when $\documentclass[12pt]{minimal}
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Equivalences with other Riccati methods {#Sec4}
=======================================

In this section we prove that all Riccati solvers introduced in Sect. [2](#Sec2){ref-type="sec"} in fact compute exactly the same iterations, which we will refer to as the Riccati ADI iterations in the remaining text. This result is collected in Theorem [2](#FPar7){ref-type="sec"}; we begin with a simple technical lemma that provides different representations of the residual factor.

Lemma 1 {#FPar5}
-------
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-----
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Theorem 2 {#FPar7}
---------

If the initial approximation in all algorithms is zero, and the same shifts are used, then for all *k*,$$\documentclass[12pt]{minimal}
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Proof {#FPar8}
-----
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Each of these different statements of the same Riccati ADI algorithm may contribute when studying theoretical properties of the iteration. For example, directly from our definition ([12](#Equ12){ref-type=""}) of the RADI iteration it is obvious that$$\documentclass[12pt]{minimal}
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Proposition 2 {#FPar9}
-------------

For a matrix *M*, (block-)vector *v* and a tuple $\documentclass[12pt]{minimal}
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From the proposition we conclude the following: if $\documentclass[12pt]{minimal}
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Implementation aspects of the RADI algorithm {#Sec5}
============================================

There are several issues with the iteration ([12](#Equ12){ref-type=""}), stated as is, that should be addressed when designing an efficient computational routine: how to decide when the iterates $\documentclass[12pt]{minimal}
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Computing the residual and the stopping criterion {#Sec6}
-------------------------------------------------

Tracking the progress of the algorithm and deciding when the iterates have converged is very simple, and can be computed cheaply thanks to the expression $\documentclass[12pt]{minimal}
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Solving linear systems in RADI {#Sec7}
------------------------------

During the iteration, one has to evaluate the expression $\documentclass[12pt]{minimal}
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The RADI algorithm, implementing the techniques described above, is listed in Algorithm 1. Note that, if only the feedback matrix *K* is of interest, e.g. if the CARE arises from an optimal control problem, there is no need to store the whole low-rank factors *Z*, *Y* since Algorithm 1 requires only the latest blocks to continue. This is again similar to the low-rank Newton ADI solver \[[@CR7]\], and not possible in the current version of the Cayley subspace iteration.

Reducing the use of complex arithmetic {#Sec8}
--------------------------------------

To increase the efficiency of Algorithm 1, we reduce the use of complex arithmetic. We do so by taking shift $\documentclass[12pt]{minimal}
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### Proposition 3 {#FPar10}
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### Proof {#FPar11}

The basic idea of the proof is similar to \[[@CR5], Theorem 1\]; however, there is a major complication involving the matrix *Y*, which in the Lyapunov case is simply equal to the identity. Due to the technical complexity of the proof, we only display key intermediate results. To simplify notation, we use indices 0, 1, 2 instead of $\documentclass[12pt]{minimal}
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We start by taking the imaginary part of the defining relation for $\documentclass[12pt]{minimal}
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RADI iteration for the generalized Riccati equation {#Sec9}
---------------------------------------------------

Before we state the final implementation, we shall briefly mention the adaptation of the RADI algorithm for handling generalized Riccati equations$$\documentclass[12pt]{minimal}
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Shift selection {#Sec10}
---------------

The problem of choosing the shifts in order to accelerate the convergence of the Riccati ADI iteration is very similar to the one for the Lyapunov ADI method. Thus we apply and discuss the techniques presented in \[[@CR3], [@CR6], [@CR27], [@CR30]\] in the context of the Riccati equation, and compare them in several numerical experiments. It appears natural to employ the heuristic Penzl shifts \[[@CR27]\]. There, a small number of approximate eigenvalues of *A* are generated. From this set the values which lead to the smallest magnitude of the rational function associated to the ADI iteration are selected in a heuristical manner. Simoncini and Lin \[[@CR23]\] have shown that the convergence of the Riccati ADI iteration is related to a rational function built from the stable eigenvalues of $\documentclass[12pt]{minimal}
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### Residual Hamiltonian shifts {#Sec11}
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However, in practice it is computationally very expensive to determine such an eigenvalue, since the matrix $\documentclass[12pt]{minimal}
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### Residual minimizing shifts {#Sec12}

The two successive residual factors are connected via the formula$$\documentclass[12pt]{minimal}
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Suppose that 13 RADI iterations have already been computed, and that we need to compute a shift to be used in the 14th iteration. Let the matrix *U* contain an orthonormal basis for $\documentclass[12pt]{minimal}
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Figure [1](#Fig1){ref-type="fig"}a shows a region of the complex plane; stars are at locations of the stable eigenvalues of the projected Hamiltonian matrix ([27](#Equ27){ref-type=""}). The one eigenvalue chosen as the residual Hamiltonian shift $\documentclass[12pt]{minimal}
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On the other hand, Fig. [1](#Fig1){ref-type="fig"}b shows the complex plane colored according to ratios for the original system of order 10648, $\documentclass[12pt]{minimal}
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Numerical experiments {#Sec13}
=====================

In this section we show a number of numerical examples, with several objectives in mind. First, our goal is to compare different low-rank implementations of the Riccati ADI algorithm mentioned in this paper: the low-rank qADI proposed in \[[@CR37], [@CR38]\], the Cayley transformed subspace iteration \[[@CR23], [@CR24]\], and the complex and real variants of the RADI iteration ([12](#Equ12){ref-type=""}). Second, we compare performance of the RADI approach against other methods for solving large-scale Riccati equations, namely the rational Krylov subspace method (RKSM) \[[@CR34]\], the extended block Arnoldi (EBA) method \[[@CR16], [@CR32]\], and the Newton-ADI algorithm \[[@CR7], [@CR9], [@CR15]\].

Finally, we discuss various shift strategies for the RADI iteration described in the previous section.

The numerical experiments are run on a desktop computer with a four-core Intel Core i5-4690K processor and 16GB RAM. All algorithms and testing routines are implemented and executed in MATLAB R2014a, running on Microsoft Windows 8.1.

Example 2 {#FPar13}
---------

Consider again the Riccati benchmark CUBE from Example [1](#FPar12){ref-type="sec"}. We use three versions of this example: the previous setting with $\documentclass[12pt]{minimal}
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Table [1](#Tab1){ref-type="table"} collects timings in seconds for four different low-rank implementations of the Riccati ADI algorithm. The table shows only the time needed to run 80 iteration steps; time spent for computation of the shifts used by all four variants is not included (in this case, 20 precomputed Penzl shifts were used). All four variants compute exactly the same iterates, as we have proved in Theorem [2](#FPar7){ref-type="sec"}.Table 1Results obtained with different implementations for CUBE with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n=10648$$\end{document}$ImplementationTime, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m,p = 1$$\end{document}$Time, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m,p = 10$$\end{document}$Wong and Balakrishnan \[[@CR37], [@CR38]\]127.61750.89Cayley subspace iteration \[[@CR23], [@CR24]\]21.67167.02RADI---Algorithm 121.5151.92RADI---Algorithm 211.1426.35

Clearly, the real variant of iteration ([12](#Equ12){ref-type=""}), implemented as in Algorithm 2, outperforms all the others.[1](#Fn1){ref-type="fn"} Thus we use this implementation in the remaining numerical experiments. The RADI algorithms mostly obtain the advantage over the Cayley subspace iteration because of the cheap computation of the residual norm. In the latter algorithm, costly orthogonalization procedures are required for this task, and after some point these compensate the computational gains from the easier linear systems (cf. Sect. [4.2](#Sec7){ref-type="sec"}). Also, the times for the algorithm of Wong and Balakrishnan shown in the table do not include the (very costly) computation of the residuals at all, so their actual execution times are even higher.

Next, we compare various shift strategies for RADI, as well as EBA, RKSM, and Newton-ADI algorithms. For RADI, we have the following strategies:20 precomputed Penzl shifts ("RADI---Penzl") generated by using the Krylov subspaces of dimensions 40 with matrices *A* and $\documentclass[12pt]{minimal}
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Fig. 2Algorithm performances for benchmark CUBE ($\documentclass[12pt]{minimal}
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For all methods, the threshold for declaring convergence is reached once the relative residual is less than $\documentclass[12pt]{minimal}
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                \begin{document}$$X\approx ZZ^*$$\end{document}$ is the final computed approximation. Dividing this number by *p* (for EBA, by 2*p*), we obtain the number of iterations used in a particular method. Just for the sake of completeness, we have also included a variant of the Newton-ADI algorithm \[[@CR7]\] with Galerkin projection \[[@CR9]\]. Without the Galerkin projection, the Newton-ADI algorithm could not compete with the other methods. The recent developments from \[[@CR15]\], which make the Newton-ADI algorithm more competitive, are beyond the scope of this study.

It is interesting to analyze the timing breakdown for RADI and RKSM methods. These timings are listed in Table [2](#Tab2){ref-type="table"} for the CUBE example with $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell $$\end{document}$ increases, the cost of computing shifts in RADI increases as well---the projection subspace gets larger, and more effort is needed to orthogonalize its basis and compute the eigenvalue decomposition of the projected Hamiltonian matrix. This effort is, in the CUBE benchmark, awarded by a decrease in the number of iterations. However, there is a trade-off here: the extra computation does outweigh the saving in the number of iterations for sufficiently large $\documentclass[12pt]{minimal}
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The fact that in each step RADI solves linear systems with $\documentclass[12pt]{minimal}
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Example 3 {#FPar14}
---------

Next, we run the Riccati solvers for the well-known benchmark example CHIP. All coefficient matrices for the Riccati equation are taken as they are found in the Oberwolfach Model Reduction Benchmark Collection \[[@CR17]\]. Here we solve the generalized Riccati equation ([25](#Equ25){ref-type=""}).

The cost of precomputing shifts is very high in case of CHIP. One fact not shown in the table is that all algorithms which compute shifts dynamically have already solved the Riccati equation before "RADI---Penzl" has even started.

Example 4 {#FPar15}
---------

We use the IFISS 3.2. finite-element package \[[@CR31]\] to generate the coefficient matrices for a generalized Riccati equation. We choose the provided example T-CD 2 which represents a finite element discretization of a two-dimensional convection diffusion equation on a square domain. The leading dimension is $\documentclass[12pt]{minimal}
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In this example, the RADI iteration with Penzl shifts converges very slowly. The RADI iteration with dynamically generated shifts are quite fast, and the final subspace dimension is smallest among all methods. On the other hand, the version with residual minimizing shifts does not converge for $\documentclass[12pt]{minimal}
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                \begin{document}$$10^{-7}$$\end{document}$, and then gets stuck by continually using shifts very close to zero. Figure [3](#Fig3){ref-type="fig"} shows the convergence history for some of the used shift strategies.

Example 5 {#FPar16}
---------

The example RAIL is a larger version of the steel profile cooling model from the Oberwolfach Model Reduction Benchmark Collection \[[@CR17]\]. A finer finite element discretization was used for the heat equation resulting in a generalized CARE $\documentclass[12pt]{minimal}
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Example 6 {#FPar17}
---------

The final example LUNG from the UF Sparse Matrix Collection \[[@CR12]\] models temperature and water vapor transport in the human lung. It provides matrices with leading dimension $\documentclass[12pt]{minimal}
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                \begin{document}$$m=p=10$$\end{document}$. This example shows the importance of proper shift generation: precomputed shifts are completely useless, while dynamically generated ones show different rates of success. The projection based methods (RKSM, EBA) encountered problems at the numerical solution of the projected ARE. Either the complete algorithm broke down or convergence speed was reduced. Similar issues were encountered at the Galerkin acceleration stage in the Newton-ADI method.

Let us summarize the findings from these and a number of other numerical examples we used to test the algorithms. Clearly, using dynamically generated shifts for the RADI iteration has many benefits compared to the precomputed Penzl shifts. Not only that the number of iterations and running time are reduced, but the convergence is more reliable. Further, there frequently exists a small value of $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell $$\end{document}$ with such properties is still to be found, and a topic of our future research. RADI appears to be quite competitive with other state of the art algorithms for solving large scale CAREs. It frequently generates solutions using the lowest dimensional subspace. Since RADI iterations do not require any orthogonalization nor solving projected CAREs, the algorithm may outperform RKSM and EBA in problems where the final subspace dimension is high. On the other hand, the later methods may have an advantage when the running time is dominated by solving linear systems. It seems that for now, there is no single algorithm of choice that would consistently and reliably run fastest.Fig. 3Algorithm performances for benchmark IFISS ($\documentclass[12pt]{minimal}
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Conclusion {#Sec14}
==========

In this paper, we have presented a new low-rank RADI algorithm for computing solutions of large scale Riccati equations. We have shown that this algorithm produces exactly the same iterates as three previously known methods (for which we suggest the common name "Riccati ADI methods"), but it does so in a computationally far more efficient way. As with other Riccati solvers, the performance is heavily dependent on the choice of shift parameters. We have suggested several strategies on how this may be done; some of them show very promising results, making the RADI algorithm competitive with the fastest large scale Riccati solvers.

Note that the generated Penzl shifts come in complex conjugate pairs.
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